Main theorem. Let G and H be finitely generated groups. Then G and A are isomorphic as topological groups if and only if the set of isomorphism classes of finite quotients of G is equal to the set of isomorphism classes of finite quotients of H.
In [6] Warfield obtains a result of this nature under rather special conditions (see his Lemma 1.1 and Theorem 2.1).
Note that the hypothesis of the theorem specifies isomorphism of topological groups rather than merely group isomorphism. It is not known whether every subgroup of finite index in a (topologically) finitely generated profinite group is open (see [3] ). If that were the case then each group isomorphism of 6 onto fl would necessarily be a topological isomorphism.
For any group G we use Y(G) to denote the set of isomorphism classes of finite 0022-4049/82/0000-0000/$02.75 0 1982 North-Holland quotients of G; and for a topological group G, 9*(G) will denote the isomorphism classes of finite quotients G/G, where G, is an open normal subgroup of G. Note that X(G) = J*(G) if G has the cofinite topology (the subgroups of finite index form a base for the neighborhoods of the identity in G). If it is true that every subgroup of finite index in a finitely generated profinite group G is open, then the topology on G coincides with the cofinite topology. Lemma 1 requires no assumption on G, but from now on we shall need the condition (F): for each integer n 11, G has only a finite set of subgroups of index n. Groups which satisfy this condition will be said to be of type (F). For example, finitely generated groups are of type (F) and so is any group of the form G=nEtGG, where pI,p2,... are distinct primes, G, is a finite pi-group and the number of generators needed for GP, tends to infinity as i-co. Furthermore, the free product of two groups of type (F) is again of type (F).
If G is a group of type (F) then the characteristic subgroups G(n) = fl{ G, 1 G, is a normal subgroup of index 5 n in G} for n = 1,2, . . . have finite index in G; and every normal subgroup of finite index in G contains some G(n). Thus the inverse system {G/G(n), @,,} is cofinal in {G/G,, Gob} and so the following holds:
Lemma 2. If G is a group of type (F) lhen G is topological/y isomorphic to @(G/G(n)).
Using the fact that the subgroups G(n) are characteristic we can also prove the following: 
Proof. For any group K of type (F) K/K(n) is the unique largest finite quotient K/M which satisfies: (*) The intersection of the normal subgroups of index 5 n in K/M is the trivial group. Thus if the sets of isomorphism classes of finite quotients of G and H coincide, then G/G(n) = H/H(n).
Now using the fact that the inverse limit of nonempty finite sets is nonempty (see, for example, [2, Chapter VII, Thm. 3.61) we can prove a slightly generalized version of our main theorem. 
Theorem 1. Let G and H be groups of type (F). Then G=fi as topological groups o 9-(G) = S(H).

Proof. (=-)
G/G(n) @nm ' G/G(m)
H/H(n) 2=, H/H(m)
It is easily seen that the maps 8,,, : A, -*A, satisfy the compatibility condition required in order that {A,, O,,,,,} be an inverse system of finite sets. Thus @(A.) is defined and by the theorem quoted above, this limit is nonempty. Let a = (or,) be an element of lim(A.). Then (a,,) is a sequence of compatible isomorphisms and so
a = (a,) : C? = @I G/G(n) -+ I?= l@ H/H(n)
is the desired isomorphism. If G is a group of type (F) then every subgroup (normal or not) of finite index in G contains some G(n). Therefore, as an immediate corollary to Theorem 1 we have the following:
Theorem 2. Let G and H be groups of type (F) with Y(G) = Y(H). Then the lattices Y'(G) and Y(H) of subgroups of finite index in G and H, respectively, are isomorphic. Moreover, there is a lattice isomorphism A : Y(G)+Y(H) such that whenever N is a normal subgroup of finite index in G, G/N= H/A(N).
It should be noted that Y(G) = g(H) does not imply G= H even when G and H are finitely generated and nilpotent of class 2 (see [l] ). However, the following theorem does give a criterion for isomorphism.
